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Abstract—Optimal joint multiuser detection and decoding
for direct-sequence code-division multiple-access (DS-CDMA)
systems with forward error correction normally requires pro-
hibitively high computational complexity. A suboptimal solution
with low complexity is therefore appealing for use in practical
applications. In this paper, we propose a low-complexity iter-
ative multiuser receiver for turbo-coded DS-CDMA systems.
The proposed approach consists of a modified decorrelating
decision-feedback detector (MDDFD) and single-user turbo
decoders, where is the number of users in the DS-CDMA
system. The MDDFD is derived on the basis of maximizing a
likelihood probability and has a feature that it can use the relia-
bility information from the turbo decoders’ output. In addition,
the MDDFD can deliver interference-cancelled soft outputs to
the turbo decoders where the calculation of transition metrics is
modified appropriately. Both performance analysis and computer
simulation results have indicated that the reliability information
from the turbo decoders’ output can enhance the multiuser detec-
tion capability of the MDDFD. Computer simulations have also
shown that the proposed iterative multiuser receiver outperforms
the conventional DDFD-based multiuser receiver in terms of the
bit-error probability.
Index Terms—Code-division multiple access, forward error cor-
rection, iterative methods, multiuser detection, turbo codes.
I. INTRODUCTION
D IRECT-SEQUENCE code-division multiple access (DS-CDMA) has become very popular in wireless communi-
cations [1]. In a DS-CDMA system, a number of users simul-
taneously transmit information over a common channel using
preassigned spreading codes (or signature waveforms). By se-
lecting mutually orthogonal spreading codes for all users, mul-
tiple-access interference-free single-user performance could be
achieved. However, the orthogonality condition is usually not
satisfied perfectly for spreading codes used in practice, and thus
multiple-access interference (MAI) arises; the MAI problem is
particularly severe when another user’s spreading code is highly
correlated with the desired user’s spreading code or when an-
other user is much stronger than the desired user in power. The
use of a set of conventional single-user detectors (i.e., a bank of
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single-user matched filters followed by quantizers) seems to be
a simple solution to this problem, but the corresponding perfor-
mance is unsatisfactory when MAI is high [2]. As compared to
the conventional detection approach, the optimal multiuser de-
tector [3] has much better performance; however, its computa-
tional complexity is exponentially increased with the number of
users, making it unsuitable for practical applications. To balance
this tradeoff, some suboptimal multiuser detectors that vary in
performance and complexity have been proposed in the litera-
ture, including the linear decorrelating detectors [4], the mul-
tistage detectors [5], and the decorrelating decision-feedback
detectors [6]. An overview of various multiuser detection ap-
proaches was provided in [7].
Forward error correction (FEC) coding techniques are
normally employed in communication systems to improve the
transmission performance. In particular, it was emphasized
by Viterbi [8] that spread spectrum CDMA systems can
exhibit their full potential when they are combined with FEC.
A number of FEC codes have been considered for CDMA
systems, such as convolutional codes [9] and trellis codes
[10], [11]. In [12], Li and Imai considered the newly appeared
powerful turbo codes [13] for spread spectrum systems and
indicated that the system capacity can be greatly increased.
In order to obtain better performance, several efforts have
been made for optimal joint multiuser detection and FEC
decoding in DS-CDMA systems. One major problem associ-
ated with such an optimal approach is that the computational
complexity is usually prohibitively high. For example, the
maximum-likelihood sequence estimator for convolutionally
coded DS-CDMA systems proposed by Giallorenzi et al. [14]
is an optimal solution of this kind, where the computational
complexity is exponentially increased with the number of users
in the system and the number of states in each user’s encoder.
In contrast, a suboptimal solution with lower complexity to
joint multiuser detection and FEC decoding seems to be more
attractive for use in practical applications. In [15], Reed et al.
described a suboptimal approach that is actually an iterative
multiuser receiver structure consisting of a multiuser likelihood
metric calculator and single-user soft-input/soft-out (SISO)
decoders, where is the number users in the DS-CDMA
system. As shown in [15], such an iterative receiver can
achieve near-single-user performance, but it still involves very
high computational complexity for calculating the likelihood
metrics.
In this paper, we propose a low-complexity iterative mul-
tiuser receiver for turbo-coded DS-CDMA systems. The pro-
posed approach consists of a modified decorrelating decision-
feedback detector (MDDFD) and single-user turbo decoders.
0733–8716/01$10.00 © 2001 IEEE
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Fig. 1. The DS-CDMA system model.
The MDDFD is derived based on maximizing a likelihood prob-
ability and has a feature that it can process the reliability in-
formation from the turbo-decoders’ output to generate interfer-
ence-cancelled soft outputs for use in the turbo decoders. For
the proposed approach, the calculation of transition metrics in
the turbo decoders is also appropriately modified.
The rest of this paper is organized as follows. In Section II, we
describe the DS-CDMA system model used in the development
of the proposed multiuser receiver. In Section III, we review the
conventional decorrelating decision-feedback detector and de-
rive the MDDFD, where a performance analysis is conducted to
explain the behavior of the MDDFD. Section IV presents an it-
erative multiuser receiver structure for turbo-coded DS-CDMA
systems, and Section V demonstrates some performance com-
parisons based on computer simulation results. Finally, conclu-
sions are given in Section VI.
II. SYSTEM MODEL
In the following, we consider a synchronous DS-CDMA
system, where the receiver can recover timing and carrier phases
of all users perfectly. Fig. 1 shows the corresponding -user
bit-synchronous DS-CDMA system model. Each user transmits
a block of bits and those bits for user are represented by
, where is the transmitted
bit of user during the th bit period and .
With these notations, the users’ bits during the th bit period
can be expressed as a vector , and
all the users’ bits can be expressed as a matrix
.
Assume that the th user is assigned with a signature wave-
form of symbol period and the communication channel
is with an additive white Gaussian noise (AWGN) process .
Then the input signal to the receiver is
(1)
where is the received energy of the th user. After the re-
ceived signal has been processed by a bank of matched
filters, each matched to a signature waveform, a sequence of
output vectors , , are
produced, where is the sampled output of the th matched
filter for the th bit period. It was shown in [3] that is a suf-
ficient statistic for maximum-likelihood detection of vector
of the users’ bits in bit period . Also, the relation between
, , and the noise samples can be formulated as follows:
(2)
where is the signature-waveform cross-correlation
matrix, is a -dimensional colored Gaussian noise vector,
and diag is a diagonal matrix.
III. DECORRELATING DECISION-FEEDBACK DETECTORS
A decorrelating decision feedback detector (DDFD) can
eliminate all interference from other users (i.e., MAI) in
the DS-CDMA system provided that the feedback decisions
are correct [6], where the decisions for users are made in
the nonincreasing order of received users’ energies, i.e.,
. In practical systems, the users’ energies
need to be estimated and sorted appropriately. For convenience,
we will not deal with such problems and assume that the
users’ energies are known and in the nonincreasing order at the
receiver.
A. The Conventional DDFD
The structure of the conventional DDFD is briefly explained
as follows. Consider the discrete-time system model described
by (2). Since the cross-correlation matrix is positive definite,
it can be factored as , where is a lower trian-
gular matrix obtained from the Cholesky decomposition algo-
rithm [16]. By applying a filter with response to the
matched filters’ output vector in (2), we obtain a decision
statistic with whitened noise components, i.e.,
(3)
where is a -dimensional white Gaussian noise vector with
covariance matrix and the th component of is
(4)
The decision for the first (strongest) user is simply made ac-
cording to hard decision on data , i.e.,
(5)
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For the th user , MAI from the stronger users
can be estimated as , and the corresponding
decision can be made by
(6)
For the conventional DDFD, detection of each user’s bit in
the th bit period relies on the decision statistic and the de-
cisions made for all stronger interfering users. In particular, the
detector for the strongest user in this system does not involve
feedback from the other users’ decisions and is equivalent to the
linear decorrelating detector [4]. On the other hand, the detector
for the weakest user utilizes feedback from all the other users’
decisions and can achieve the single-user performance when the
feedback decisions are correct. Although this decision-feedback
approach is intuitive and simple, it must be appropriately mod-
ified if the reliability information is taken into account for im-
proving multiuser detection performance.
B. The Modified DDFD
The modified DDFD (MDDFD) is derived as follows. The de-
cision for user is made by searching for
that maximizes the joint probability , ,
where denotes the estimated bits of the
stronger users for bit period . That is,
arg (7)
By applying Bayes’ rule, one obtains
(8)
The second equality follows from the assumption that the
users’ bits are statistically independent.
Since the maximization problem in (7) is actually a binary hy-
pothesis-testing problem, we can equivalently solve it by using
the following rule:
The decision would favor if
(9)
otherwise
Furthermore, from (4) and with the assumption of ,
, it is straightforward to write the following
Gaussian distribution:
(10)
where the constant normalizes the probability mass. By
substituting (10) into (9) and with appropriate mathematical ma-
nipulation, we obtain
(11)
Rearranging this inequality and taking logarithm on its both
sides yields
(12)
where is the a priori
information for bit . Based on (12), we can derive a decision
rule for the MDDFD as follows:
if
if
(13)
where
The output of the MDDFD is defined as
(14)
where . The summation term
represents the residual MAI, which is not equal to zero
when incorrect decision feedback occurs in the MDDFD. If the
MDDFD completely eliminates MAI, i.e., for
, can be treated as a Gaussian random variable
with mean and variance .
The structure of the MDDFD is shown in Fig. 2, where
. The energy sorter performs users’ energies estima-
tion and arranges the received energies in the nonincreasing
order. The triangular matrix filter is used to obtain the
whitened decision statistic as defined in (3). The MDDFD
output is computed according to (14). It can be seen in Fig.
2 that the decision for the th user’s bit involves the a priori in-
formation of the corresponding bit . With the aid of the
a priori information, it can be expected that the MDDFD will
outperform the conventional DDFD in terms of the interference
cancellation capability.
C. Performance Analysis of the MDDFD
The bit-error probability at the MDDFD output is evaluated as
follows. We assume that the bit-error probability is independent
1778 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 19, NO. 9, SEPTEMBER 2001
Fig. 2. The structure of the MDDFD.
of bit positions, thereby removing the bit index in the following
performance analysis. The bit-error probability of the th user
is
(15)
where
(16)
(17)
with
(18)
Note that, in (18), ’s are assumed to give the correct deci-
sions for ’s, i.e., for . To take into
account the decision error probability of the stronger users,
an approach similar to that described in [6] is employed. First,
by using the expression for in (4), we have
(19)
where represents the decision error pattern for
user . We can find the bit-error probability of user by aver-
aging the conditional error probability given a particular error
pattern for users over all possible error patterns,
i.e., . Then (16) be-
comes
(20)
where and
(21)
The same procedure can be applied to (17) to obtain
(22)
where
(23)
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Fig. 3. The proposed iterative multiuser receiver for turbo-coded DS-CDMA systems.
TABLE I
COMPUTATIONAL COMPLEXITY COMPARISON OF TWO ITERATIVE MULTIUSER RECEIVERS
With (15), (20), and (22), the bit-error probability for the
th user can be calculated if the distributions
and are known. If we further assume
that the binary data of users are equally probable, i.e.,
, and
= = +1), the bit-error probability is simply
. Note that, for the distributions ,
is the real metric computed at the decoder, not the theo-
retical expression in (12). Moreover, if the a priori information
gives the same sign as , it can be seen from (20) to (23)
that the term contributes to increase the
argument in , thereby reducing the error probability.
IV. AN ITERATIVE MULTIUSER RECEIVER
Based on the derived MDDFD, we further propose an iter-
ative multiuser receiver structure for turbo-coded DS-CDMA
system, as shown in Fig. 3. This iterative multiuser receiver
consists of the MDDFD and single-user turbo decoders. In
the first multiuser detection iteration, the a priori information
of users’ bits is not available for the MDDFD in making deci-
sions, i.e., for and ; there-
fore, its performance is simply the same as that of the DDFD.
The MDDFD delivers interference-cancelled (if all decisions
are correct) soft outputs ’s to the input of the turbo decoders.
After several turbo decoder iterations, the log-likelihood ratios
of data bits at the turbo decoders’ output are fed back to the
input of the MDDFD as the a priori information for the
next multiuser detection iteration.
Owing to the structure of the MDDFD, we have to modify the
transition metrics calculation in the turbo decoders. Assume that
the BCJR algorithm [17] is used for decoding a turbo code con-
sisting of two -state recursive systematic convolutional (RSC)
codes linked by an interleaver. To begin with, we brief the tran-
sition metrics calculation in the original BCJR algorithm. Since
the two component decoders used for turbo decoding are iden-
tical, it is sufficient to deal with one of them. Consider a transi-
tion from state to state with input bit (a system-
atic bit) at the first RSC encoder that generates a redundant bit
, where , and , .
Let and represent the observed data for the systematic
bit and the redundant bit, respectively, at the turbo decoder in
the case of an AWGN channel. Then the transition metrics have
the following form:
(24)
where is Gaussian distributed with mean and vari-
ance , is Gaussian distributed with mean and
variance , and is the a priori information of the system-
atic bit.
In the following, we describe how to calculate the transition
metrics in the proposed multiuser receiver. Without loss of gen-
erality, the turbo decoder for user is considered, where the
corresponding block of bits transmitted consists of the sys-
tematic (uncoded) bits and the redundant (coded) bits. Soft out-
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Fig. 4. Performance comparison of multiuser receivers with  = 0:2.
puts , , from the MDDFD can be demultiplexed
according to the puncturing rule used in the turbo encoder to ob-
tain , , and , , where is
the block size of the turbo code used and is the code rate. For
the above notations, corresponds to the systematic bits, and
and are related to the redundant bits generated from
the first and second RSC encoders, respectively. From the dis-
cussion immediately following (14), we assume that , ,
and are Gaussian random variables with mean
and variance . Then the transition metrics calculation in the
BCJR algorithm for the first component decoder can be modi-
fied as follows:
(25)
where is the a priori information of a systematic bit for
user . Note that this a priori information is set to zero initially
and updated appropriately during the turbo decoding process.
Furthermore, since the MDDFD requires the a priori informa-
tion for both the systematic bits and the redundant bits, the turbo
decoders are modified to produce the log-likelihood ratios for
these bits. The corresponding modification can be found in [18].
The iterative manner in the proposed multiuser receiver is
similar to that in the multiuser receiver developed by Reed et
al. [15]. However, the latter requires relatively high computa-
tional complexity. We have analyzed the computational com-
plexity of the proposed receiver in the terms of the number of
floating-point operations (FLOPs) required per information bit.
Table I shows the complexity of the proposed MDDFD-based
receiver, where is the number of users and is the code rate
of the turbo code in use. For the purpose of comparison, the
computational complexity of Reed et al.’s receiver [15] is also
included. It can be seen from Table I that the complexity of Reed
et al.’s receiver grows exponentially with while the proposed
receiver has complexity linear in .
V. SIMULATION RESULTS
The bit-error probability performance of the proposed itera-
tive multiuser receiver was investigated through computer sim-
ulations. A rate turbo code with two 4-state ( ;
octal generator 7, 5) RSC codes and a helical block interleaver
of length bits were used for simulations. The BCJR
algorithm with appropriate transition metrics modifications pre-
sented in the previous section was employed for turbo decoding.
For making comparisons of system performance under various
cross-correlations among spreading codes, all simulations were
performed on the -symmetric channel [19] that is character-
ized by a cross-correlation matrix given by
(26)
where is referred to as the cross-correlation parameter.
In the simulations, we considered a 4-user
DS-CDMA system, where all users were assumed to have
equal powers. Figs. 4–7 show the bit-error probability perfor-
mance of the multiuser receivers for various cross-correlation
parameters. In these figures, the bit-error probability of user 4
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Fig. 5. Performance comparison of multiuser receivers with  = 0:3.
Fig. 6. Performance comparison of multiuser receivers with  = 0:5.
is illustrated. The curve labeled “DDFD” represents the perfor-
mance of the conventional DDFD followed by turbo decoding
with nine iterations. The performance of the proposed itera-
tive multiuser receiver is shown by the curve labeled “Iterative
MDDFD.” We performed three multiuser detection iterations,
each followed by three turbo decoder iterations. For compar-
ison, the iterative multiuser receiver developed by Reed et al.
[15] was also simulated in a similar iterative manner and its
performance is plotted as “Iterative MUD.” For each of these
receivers, the total number of turbo decoder iterations is equal
to nine.
For a low cross-correlation parameter of , “Iterative
MDDFD” and “Iterative MUD” are close to the single-user
performance. For a moderate cross-correlation parameter of
, “Iterative MDDFD” is still close to “Iterative MUD”
and is approximately 0.4 dB away from the single-user perfor-
mance at the bit-error probability of . In high cross-cor-
relation cases, “Iterative MDDFD” is inferior to “Iterative
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Fig. 7. Performance comparison of multiuser receivers with  = 0:7.
MUD,” where the performance loss is about 0.5 dB for
and about 1.0 dB for at the bit-error probability of
. Note that the proposed iterative multiuser receiver al-
ways outperforms the conventional DDFD without iterative
multiuser detection.
VI. CONCLUSION
In this paper, we have proposed a low-complexity iterative
multiuser receiver for turbo-coded DS-CDMA systems. The
proposed iterative multiuser receiver consists of a modified
DDFD and single-user turbo decoders, where is the
number of users in the system. The modified DDFD is derived
based on maximizing a likelihood probability and has a feature
that it can use the reliability information from the turbo de-
coders’ output. In addition, it can deliver interference-cancelled
soft outputs to the turbo decoders if all feedback decisions
are correct. For the proposed approach, the calculation of the
transition metrics in the turbo decoders is also appropriately
modified.
Computer simulations have shown that the performance
of the proposed iterative multiuser receiver is close to the
single-user performance when the cross-correlations among
spreading codes are low. Although the proposed receiver has
some extent of performance loss as compared to the single-user
case, it always provides a performance improvement over the
conventional DDFD-based receiver without iterative multiuser
detection.
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